Gravitational waves from spin-precessing binaries exhibit amplitude oscillations that provide an invaluable method to extract the spins of the inspiraling compact objects. The spin-spin and spinorbit interactions that cause this effect are sensitive to the fundamental nature of gravity, which will allow us to constrain modified theories of gravity using gravitational wave observations of precessing binaries. We here consider precessing black hole binaries in dynamical Chern-Simons gravity, an effective theory of gravity that enhances parity violating interactions. We model the black holes as modified point particles using effective field theory, and derive the spin-precession equations for a binary system by working within the post-Newtonian formalism. We find that the spin-spin and quadrupole-monopole interactions of General Relativity are modified due to an interaction between the scalar dipoles of the two black holes and the modified black hole quadrupole as a result of the violation of the no hair theorems. These modifications enter the precession equations at leading post-Newtonian order. We further show that these precession equations admit seven constants of motion when neglecting radiation reaction, with only the mass-weighted effective spin being modified from General Relativity. We discuss how these may be used to reduce the precession equations to quadrature and the possibility of constructing analytic Fourier domain waveforms for generic spinprecessing binaries in dCS gravity.
I. INTRODUCTION
The detections of gravitational waves (GWs) by the Advanced Laser Interferometer Gravitational Wave Observatory (aLIGO) [1] [2] [3] [4] and the Advanced Virgo detectors [5] [6] [7] [8] has ushered in a new era of astrophysics and precision tests of Einstein's theory of General Relativity (GR). Through these detections, we have uncovered black holes (BHs) with masses higher than those observed before hand [9] , more precisely pinned down the event rates for the coalescence of compact objects, placed significant constraints on parameterized post-Einsteinian (ppE) parameters describing generic deviation from GR [10, 11] , provided some of the earliest constraints on the equation of state of dense nuclear matter in the cores of neutron stars (NSs) [12, 13] , and confirmed the hypothesis that kilonovae are associated with binary NS mergers [14, 15] . Yet, there is still much that GWs may teach us.
In the case of BH binaries, the spin angular momentum can play an important role in the dynamics, and subsequent GW emission, of the system. Supernovae, in which these BHs are created, introduce torques on the system, resulting in a misalignment between the spin of the remnant and the orbital angular momentum [16] [17] [18] [19] [20] [21] . For a co-evolving binary, two such events may occur, and there are strong arguments to expect misalignment between spin and orbital angular momentum. Gravitational interactions couple the spins of the BHs to the orbital angular momentum, hereafter referred to as spin-orbit interactions, and to each other, spin-spin interactions. In the event of misalignment, these interactions cause the spins and orbital angular momentum to precess and nutate about an axis defined by the total angular momentum [22] [23] [24] . Such precession is important because the GWs emitted by the system are beamed along the direction of the orbital angular momentum.
For precessing binaries, the precession of the orbital angular momentum causes the amplitude of the observed GWs to modulate with a period much longer than the orbital period of the binary, but shorter than its inspiral time [25, 26] . Such an effect becomes important for strongly spinning systems that are observed over thousands of orbital cycles, allowing one to capture many of the precession cycles. While arguably more important for low frequency GW detectors such as the Laser Interferometer Space Antenna (LISA) [27] or the Deci-hertz Interferometer Gravitational wave Observatory (DECIGO) [28] , these effects are still strong enough to be a required part of templates for searches with ground-based detectors, and have been found to break degeneracies between mass and spin, allowing us to distinguish between BHs, NSs, and other exotic compact objects [29] .
The modulation of the GW amplitude depends sensitively on the nature of the spin-orbit and spin-spin interactions, which in turn, depends on the theory of gravity one considers. Therefore, the amplitude modulation may be different from GR if gravity is fundamentally different from Einstein's prediction. Such an effect becomes particularly important in theories of gravity where GR deviations are degenerate with the magnitude of the spin angular momentum of the binary components. In fact, such degeneracies can be so strong that they have prevented ground-based instrument from being able to place stringent constraints on some modified gravity alternatives [11, 30] . Modifications to the amplitude modulation of GWs in spin-precessing binaries, however, can break this degeneracy, and thus, become a powerful probe of the fundamental nature of gravity.
One example of a modified theory of gravity where this is the case is dynamical Chern-Simons (dCS) gravity [31, 32] , an effective field theory that is motivated from string theory [33] , quantum gravity [34] [35] [36] , and inflation [37] . DCS gravity modifies the Einstein-Hilbert action through a dynamical pseudo-scalar field which couples to the Pontryagin density, a quadratic curvature invariant constructed from the Riemann tensor and its dual, thus making it a subset of the much larger set of theories referred to as quadratic gravity. This theory is said to be parity violating, in the sense that modifications to GR only appear in systems that are odd under parity transformations, and thus have a preferred axis. One such system is a binary composed of spinning BHs, which has been well studied in this theory, with isolated spinning BH solutions known to fifth order in a small spin expansion [38] [39] [40] and in the near-extremal limit [41] .
Placing constraints on the coupling constants of dCS gravity has proven to be difficult, due to modifications only appearing in parity-odd systems [42] [43] [44] [45] [46] . Currently the most stringent constraints come from measurements of the frame-dragging effect around Earth with the LA-GEOS and Gravity Probe B missions. These constraints limit the (dimensional) coupling constant ξ 1/4
10
8 km, one of the weakest for a modified theory of gravity that passes Solar System tests [47] . Thus, tests of GR in the dynamical strong field regime of gravity, which is probed by the emission of GWs, appear to be our best bet for constraining dCS gravity. Investigations of extreme-and intermediate-mass ratio inspirals revealed modifications to the balance laws describing the loss of orbital energy due to GWs [48] [49] [50] , as a result of the emission of dipole radiation not present in GR. Quasi-circular inspirals of comparable mass BH binaries have been studied in [51] , with the far-zone metric perturbation computed in [52] . The axial modes of non-rotating BHs become modified in dCS gravity, producing observable effects within the ringdown phase of a binary coalescence [53] [54] [55] .
However, all of these studies have assumed nonprecessing binaries, where the spins of the BHs are either aligned or anti-aligned with the orbital angular momentum. If we relax this assumption, then the spin-orbit and spin-spin interaction is modified from those in GR, introducing new observable features in the waveform. Thus, the inspiral of spin-precessing binaries may provide some of the strongest constraints yet on dCS gravity. The goal of this paper is to derive the modified precession equations necessary to calculate the waveforms for spinprecessing binaries in dCS gravity.
To model the conservative dynamics of spinning BH binaries in dCS gravity, we modify the effective field theory (EFT) method of GR used to model the motion of compact objects. EFT was first described by Mathisson [56] through the so-called gravitational skeleton [57] [58] [59] , a multipole-style expansion of the stress energy tensor motivated by similar expansions of charge density in electromagnetism [60] . For BHs, an accurate approximation can be obtained in the pole-dipole approximation, where only the first two terms in the gravitational skeleton are retained. This approximation is accurate by virtue of the no-hair theorems, which state that higher multipoles of BHs in GR are uniquely determined by only the mass monopole and spin dipole of the BH [61] [62] [63] . More recent studies in the context of EFT have focused on action principles [64] [65] [66] [67] and symmetry generators [60] .
Within the post-Newtonian (PN) formalism [24] , EFT has been shown to reproduce the equations of motion for spinning systems in a small spin expansion and to high PN order [68] [69] [70] , and has provided the means to resum these expressions at leading PN order [71] . Higher order multipoles, such as the spin-induced quadrupole and tidal deformations, have been calculated within the EFT formalism for NSs [72] and BHs [73] . This formalism has also been extended for NSs in scalar-tensor theories with scalarization [74] . EFT is, thus, a powerful tool for modeling compact objects in relativistic field theories of gravity.
We here apply EFT methods to spinning BHs in dCS gravity. We work within an action formalism and derive a Lagrangian describing BHs as effective point particles in dCS gravity. To capture the additional degrees of freedom of BHs in dCS gravity, namely scalar dipole and spin-induced quadrupole moments, we work within the formalism of Eardly and Will [75] to promote the momenta of the BHs to functions of external fields, specifically the dCS scalar field and the Riemann tensor, respectively. We require our action to be invariant under a parity transformation and shift of the scalar field in addition to the usual symmetries of effective actions in GR. This allows us to explicitly fix the form of the Lagrangian up to two (constant) undetermined factors, namely C dCS ϑ and δC dCS Q , for the scalar dipole and monopole-quadrupole interactions, respectively. These additional contributions to the matter action source both the dCS scalar field and the dCS metric perturbation. We match the near-zone (NZ) field solutions to those of isolated BHs in dCS gravity, fixing the undetermined factors. From this action, we derive the equations of motion and proceed with a PN expansion, ultimately obtaining the modified precession equations.
With the PN expansions of the precession equations at hand, we then solve them numerically and show that certain quantities remain conserved upon evolution. In particular, the total angular momentum of the system is conserved up to radiation-reaction effects. Such a result is important, as it allows us to choose a preferred coordinate system co-aligned with the direction of the total angular momentum, which results in simplifications of the dynamics [76, 77] . Moreover, we prove that certain weighted combination of the spin magnitudes, with certain dCS corrections, is also conserved up to radiationreaction effects. Such a conserved quantity provides an additional constant of the motion that is crucial when solving the orbital motion in quadrature [78, 79] . Finally, we solve the precession equations numerically and investigate their effect on the modulations of the GW amplitude. We find that the dCS corrections introduce modifications to these modulations that are proportional to the dCS coupling parameter. To our knowledge, this is the first calculation of spin-precession effects in modified gravity theories, and their inclusion in waveform modeling will be crucial to to test GR in the future. This paper, and its main results, are organized as follows. Section II presents a brief review of dCS gravity from an action formalism, and motivates the need for an EFT approach. Section III details the construction of an effective matter Lagrangian from symmetry principles, with the matter Lagrangian for BHs in dCS gravity given in Eq. (45) . Section IV provides the details necessary to vary the effective matter Lagrangian, with the matter stress energy tensor, scalar field effective source, and equations of motion, given in Eq. (68), (69) , (71) , and (72), respectively. We provide NZ field solutions for the dCS scalar field and metric perturbation in Sec. V and match these to the isolated BH case. We perform the PN expansion of the equations of motion in Sec. VI, with the spin evolution given by Eqs. (111)-(113), and the orbital angular momentum evolution by Eqs. (121)-(122). We prove the existence of conserved quantities necessary to construct waveforms in dCS gravity in Sec. VII. Section VIII concludes and points to future research.
Throughout this paper, we use the following conventions: G = 1 = c, (µ, ν, ρ, ...) are spacetime indices, (i, j, k, ...) are purely spatial indices, (A, B, C, ...) are spacetime indices in a body-fixed orthonormal frame, (I, J, K, ...) are purely spatial indices in a body-fixed orthonormal frame, (a, b, c, ...) are internal indices used to encode non-GR fields, (...) stands for the symmetrization of indices, while [...] stands for anti-symmetrization.
II. DYNAMICAL CHERN-SIMONS GRAVITY AND COMPACT BINARIES
We begin by considering the action in dCS gravity, which generally can be written as S = S GR + S CS + S ϑ + S mat , where
Here, (g, R) are the determinant and Ricci scalar associated with the spacetime metric g µν . The CS part of the action contains the Pontryagin density ⋆ RR, which is constructed from the Riemann tensor R µνρσ and its dual ⋆ R µ νρσ = (1/2)ǫ ρσ αβ R µ ναβ , with ǫ µνρσ the LeviCivita tensor. The field ϑ appearing in the CS action is a pseudo-scalar field, while (α 4 , β) are coupling constants of the theory, and κ = (16π) −1 [31, 32, 80] . Finally, L mat is the matter Lagrangian density.
Variation of the action with respect to all fields produces the field equations, specifically
where G µν is the Einstein tensor, T mat µν is the matter stress energy tensor, and
In GR, L mat only couples to the metric tensor L mat = L mat (g µν ). In dCS, however, strongly self-gravitating bodies are also sourced by the scalar field, which is a manifestation of the theory's violation of the strong equivalence principle; in the EFT approach, we find that one must consider L mat = L mat (g µν , ϑ, R µνρσ ), as we will see in the next section. An additional generalization that could be considered is the presence of a potential in the scalar field's action S ϑ , specifically V (ϑ). The only restriction on the specific form V (ϑ) can take comes from the shift symmetry of the scalar field ϑ → ϑ + const., which protects ϑ from acquiring a non-vanishing potential. Without a specific form for such a potential, obtaining solutions to the scalar field equation becomes intractable. Further, since dCS gravity arises as the low energy limit of certain high energy theories, the particular choice of the potential would need to be motivated from symmetries and/or physical scenarios of such theories [80] . As such, we only consider the case when V (ϑ) = 0.
The coupling constants in dCS gravity, (α 4 , β), are dimensional, and thus it is useful to define a new coupling constant ζ = ξ/M 4 , with ξ = α 2 4 /κβ and M some representative length scale of the system. For isolated BHs, M corresponds to the BH's mass. Generally, we must consider solutions to the field equations in the limit ζ ≪ 1. If dCS gravity is treated as an exact theory, then the theory is likely to not have a well-posed initial value problem due to the presence of higher derivatives in the field equations [81] . It is thus necessary to treat dCS gravity as an effective theory, and consider solutions to the field equations that are small deformations from GR, specifically
where h µν ∼ O(ζ) is the dCS metric perturbation. An EFT treatment is also consistent with the idea of this theory emerging as the low-energy limit of a more fundamental UV completion of gravity. We are here interested in the inspiral of BH binaries due to GW emission. We thus study the equations of motion within the PN framework, where the BHs are assumed to be slowly moving and the mutual gravitational interaction is weak, i.e. v 2 ≪ 1 ≫ m/r 12 , where v is the relative orbital velocity, m is the total mass and r 12 is the relative separation. Due to the virial theorem, v 2 ∼ m/r 12 , and thus, we treat terms that are v 2n as the same order as (m/r 12 )
n . The GR sector of the metric may be expanded as
where to lowest order
for some potentials U and U i . A similar decomposition may be made for the dCS metric perturbation h µν .
We may now expand the field equations in both PN and dCS small deformations. Much of this has been done in [80] , so we do not present all of the details here. The GR potentials (U, U j ) satisfy the field equations
where ✷ η is the flat space d'Alembertian operator. The dCS metric perturbation satisfies
where δT mat µν is the perturbation of the stress energy tensor for matter. The evolution equations for the scalar field and the tensor K µν are given in terms of the GR metric perturbation h µν as
For a binary system, the PN expanded field equations can be simplified by noting that to lowest PN order, the GR potentials obey superposition, i.e., they may be written as U = U 1 +U 2 , where U 1,2 are the contributions from the individual bodies. In terms of these potentials, the evolution equation for the scalar field in Eq. (18) becomes
Due to the non-linear behavior of the source term, the scalar field can be separated into two contributions: self terms, which only contain contributions from each individual body, and interaction (or cross) terms, where the source term contains potentials due to both bodies. In [80] , it was shown that the self terms vanish. However, isolated BHs in dCS gravity possess a scalar field associated with a dipole moment. In order to accurately model BH binary systems in dCS gravity in a weak field approximation, an additional source term for the scalar dipole moment of the BHs must be added in the matter stress energy tensor, creating an additional source term in Eq. (20) . This was done in [80] , but the addition of such a term also modifies the equations of motion for the individual BHs. Thus, it is necessary to develop a unified approach that accounts for the effective source term required for BH binaries and the modifications to the equations of motion in a more systematic way.
III. EFT: SYMMETRIES AND LAGRANGIANS
Now that we have motivated the need to accurately account for extra degrees of freedom carried by BHs in dCS gravity, we present the details of using EFT to model BHs.
A. EFT in GR
We begin by reviewing the construction of an EFT in GR. In GR, astrophysical BHs obey the no hair theorems, and as a result, they are described by two quantities, the mass and the spin angular momentum. Thus, any EFT describing the motion of BHs in a background spacetime must include these two degrees of freedom. There are multiple methods to achieve such an EFT. Much of the early work focused on Mathisson's gravitational skeleton, a multipolar expansion of the stress energy tensor along a particle's wordline [56, 58] . Alternatively, one can begin by constructing a worldline Lagrangian by considering underlying symmetries of the theory. We here take the latter approach and show that one obtains the same results as using the gravitational skeleton method.
Pole-Dipole Approximation
First we define a few quantities associated with the particle. The particle moves along a worldline z µ (τ ) with four velocity u µ = dz µ /dτ . Here, τ is not the proper time of the particle, but some affine parameter of the worldline. We leave this as a general parameter in order to properly consider time reparameterization invariance of the action, and specialize it to the case of proper time at a later step. The particle moves in a background spacetime given by the metric g µν . In order to account for the internal spin degrees of freedom, we define a body-fixed frame via an orthonormal tetrad e α A , namely
The rotation tensor associated with this body-fixed frame is then
where D/Dτ = u µ ∇ µ is the covariant derivative with respect to τ .
We are interested here in a Lagrangian for the worldlines of particles moving through spacetime. We may write the matter action as
where L mat is the Lagrangian on the particle's worldline. This Lagrangian can be thought of as on-shell, and is related to the Lagrangian density via
We now desire a specific form for L mat (τ ). To obtain this, we consider a set of symmetries associated with theory, specifically
(ii) Lorentz invariance, and (iii) diffeomorphism invariance.
These symmetries are associated with the underlying physics being invariant regardless of the time, frame, and background that experiments are performed in, respectively. Further, these symmetries mandate that the Lagrangian must transform as a scalar under time reparameterizations, Lorentz transformations, and diffeomorphisms, respectively.
We begin by considering the first of these. Under the transformation τ → λτ , with λ a constant, the Lagrangian must transform as L mat → λ −1 L mat in order for the action to be invariant. The only variables associated with the worldline that transform in this way are (u µ , Ω µν ). Thus, by applying Euler's theorem of homogeneous functions, the matter Lagrangian must be of the form
where the momenta are defined by
The Lagrangian given in Eq. (25) is manifestly Lorentz invariant, and automatically restricted to the pole-dipole approximation. Applying the variational principle to this Lagrangian, which we detail in the next section, gives the equations of motion
The spin tensor has a total of six non-zero components, but the spin vector only has three dynamical degrees of freedom. As a result, we must define a spin supplementary condition (SSC) to remove the non-dynamical degrees of freedom from the problem. A common choice is the covariant SSC, S µν p ν = 0, which has the benefit of uniquely determining the particle's worldline given a set of initial data [82] [83] [84] . More general SSCs can be specified by S µν f ν = 0, where f µ is a suitably chosen time-like four-vector. Differentiating this condition with respect to τ , using the precession equation in Eq. (27) , and solving for the four-momentum results in the general relationship between p µ and u
For the covariant SSC, and working to leading order in spin,
, where
With the above SSCs, we may define a covariant spin four-vector through
However, we have not fully exhausted the freedom in the definition of spin. The spin four-vector still has one nondynamical component that must be fixed. This is typically done by choosing S µ f µ = 0, which completes the SSC. It is important to note that different SSC conditions correspond to different gauges, but observable quantities are independent of the specific choice [85] . We choose to work with the covariant SSC for the remainder of this work, i.e. S µν p ν = 0 and
. The Lagrangian, and therefore the action, are scalars and thus invariant under such a transformation. However, the Lagrangian depends on tensors which do transform. As a result, these two properties produce a constraint on the Lagrangian's dependence on the metric. To derive this, we must find how the tensors within the problem transform under this diffeomorphism. For simplicity, we only consider the pole-dipole approximation, meaning the Lagrangian only depends on the dynamical variables (z µ , e α A ) through (u µ , Ω µν ), and is assumed to be independent of derivatives of the metric. A straight-forward calculation produces
where δ ξ α stands for the variation operator due to an infinitesimal coordinate transformation. The variation of the matter Lagrangian now becomes
Inserting the variations in Eqs. (30)- (32), we finally arrive at the constraint
which will become important when we derive the stress energy tensor for the particle. This completes our discussion of the pole-dipole approximation in GR.
Quadrupole Approximation
The preceding discussion, and the Lagrangian derived therein, is general in the sense that it applies both to BHs and NSs, but it is not the most general Lagrangian we may write down. In the case of NSs, spin-induced quadrupole and tidal deformations can play an important role in the dynamics of inspiraling binaries. For generic precessing binary systems, Ref. [78] showed that the incorporation of the quadrupole-monopole interaction in the orbit-averaged precession equations results in a seventh constant of motion. This allows the precession equations to be solved in closed form [79] , which ultimately allowed for the creation of analytic Fourier-domain gravitational waveforms for generic precessing binary systems in GR [76, 77] . Further, as we will show, quadrupole corrections play an important role in the dynamics of binary systems in dCS gravity. As such, we extend the pole-dipole approximation of the preceding section to include quadrupole corrections in the context of GR.
A more general Lagrangian that includes higher multipoles of our effective point particles may be obtained by allowing it to depend on additional external fields encoding spacetime curvature, beyond just the metric. A relatively simple way of incorporating these extra fields, while also preserving reparameterization and Lorentz invariance, is to promote the momenta to be functions of these extra fields. For example, if spininduced quadrupole moments become important, then we can promote the four momentum to be,
R αβγδ + ... ,
where P µ is now the canonical momentum, while p µ := P µ (R αβγδ = 0) will be referred to as the bare momentum. The quantity n µ in the second line is a suitably chosen time-like vector, while the partial derivative is taken holding (u µ , Ω µν , g µν ) fixed. If we choose n µ = a u µ with a an undetermined coefficient, then
and we must choose a such that the action is still reparameterization invariant
where we have written Q αβγδ = (1/6)J αβγδ to recover Dixon's quadrupole moment [86] and the superscript Q is shorthand for the quadrupole approximation.
The precise form of J αβγδ (or Q αβγδ ) depends on the scenario, but for spin induced mass quadrupoles,
where C Q is the quadrupole moment scalar. For BHs, C Q = 1 [73] , while for NSs, its value depends on the equation of state [72] . In order to obtain the structure of the mass quadrupole in Eq. (39), we used the fact that the SSC specifies a local frame whose time direction is determined by P µ . The quadrupole moment J αβγδ can be decomposed into components that are orthogonal to P µ , which specifically define the stress, flow, and mass quadrupole of the body [60, 87] . Of these, only the mass quadrupole contributes to the gravitational field outside of compact objects. One can then perform a decomposition into an irreducible representation of SO(3) of each of these components in the local frame.
B. Modified EFT for dCS Gravity
We now consider how to extend the EFT of BHs to dCS gravity. In the latter, BHs have two modifications from GR. The first is scalar hair in the form of a scalar dipole moment, which sources the scalar field and is linearly related to the spin of the BHs, to lowest order in a small spin expansion. The second is a modification to the BH spacetime away from the Kerr metric. In a weak field expansion, such a modification resembles a quadrupole contribution to the Newtonian gravitational potential and is second order in the BH's spin. Any EFT we build must account for both of these modifications.
Let us consider the first of these, since we already considered how to account for quadrupole contributions in the previous section. Any modification that we create should preserve the underlying symmetries of the effective theory in GR, in this case, reparameterization invariance specifically. However, the scalar dipole must couple to the scalar field in the Lagrangian in order for it to act as a source term. One way of achieving such a modification is to promote the four momentum to become functions of the scalar field as well as the Riemann tensor, specifically
where Ψ a = (ϑ, ∇ µ ϑ, ..., ∇ N ϑ) with N = µ 1 µ 2 ... µ n shorthand for multi-index notation. A similar method has already been used in the context of EFTs when modeling scalarized NSs in scalar tensor theories [74] . We can Taylor expand this new canonical momentum about the scalar field and its first derivatives, specifically
where again p µ := P µ (ϑ = 0, ∇ α ϑ = 0, R αβγδ = 0) is the bare momentum.
We are now left with determining (∂P µ /∂ϑ) and (∂P µ /∂∇ α ϑ). To do this, we apply the same procedure we used in GR, namely requiring the action be invariant under particular transformations. In addition to requiring the action satisfy the usual GR symmetries, we require it also be invariant under a shift of the scalar field ϑ → ϑ + const., and under a parity transformation. By working in the formalism of Eardly and Will [75] , we have already ensured that the action is reparameterization and Lorentz invariant. Shift invariance can be easily achieved by requiring (∂P µ /∂ϑ) = 0.
Parity invariance is more difficult to handle. In dCS, the scalar field is actually a pseudo-scalar field, and thus, odd under a parity transformation, specificallŷ P [ϑ] = −ϑ. Typically, to understand parity transformations, one must foliate the spacetime with time-like hypersurfaces and perform purely spatial reflections on said hypersurfaces (see e.g. [30] ). Parity then becomes a slicing dependent transformation. We here use an alternative method, whereby we attach odd parity to two additional tensor quantities, namely the tetrad associated with the co-rotating frame and the Levi-Civita tensor,
where the index I is purely spatial. This then implies that (P µ , u µ , S µν , Ω µν ) are parity even, and the parity of the GR action is preserved. We discuss this parity transformation in more detail in Appendix A.
We can now use these parity considerations to determine the form of (∂P µ /∂∇ α ϑ). First, notice that this dipole moment must be odd under parity,P [∇ α ϑ] = −∇ α ϑ. Second, to leading order in spin, the scalar dipole moment of an isolated BH in dCS gravity is linearly proportional to the spin vector of the BH, with corrections to this entering at O(S 3 ) [88] . Thus, we are left with one choice that satisfies both of these constraints, specifically
where C dCS ϑ is an undetermined coefficient, which we refer to as the scalar dipole constant, and is dependent on the coupling constants of the theory. Thus, the canonical momentum is now
where we have used ⋆ S µν = (1/2)ǫ µν ρσ S ρσ . Beyond the scalar dipole constant, we have now fully exhausted the freedom in how our new Lagrangian depends on the dCS scalar field.
We still require additional contributions to our Lagrangian to account for the modified spacetime of BHs in dCS gravity. Fortunately, these quadrupole contributions take the same form as those in GR, the only difference being the overall undetermined factor, which now must depend on the coupling constants of dCS gravity. Thus, we finally arrive at the Lagrangian
where our ansatz for the mass quadrupole is now
with δC dCS Q the dCS modification to the quadrupole moment scalar and we have restricted our attention to BHs by taking C GR Q = 1. As a final point, we consider the diffeomorphism invariance of the Lagrangian given in Eq. (45) . The variations given in Eqs. (30)- (32) still hold, but we must now consider the additional variations
Following the same procedure for the effective Lagrangian in GR, we arrive at the constraint
This completes the derivations of the effective Lagrangian in dCS gravity.
IV. EFT: VARIATIONAL PRINCIPLE
We now consider the variation of the total action for dCS gravity, which is given by Eqs. (1)- (4). The variation of the Einstein-Hilbert, Chern-Simons, and scalar field actions, Eqs. (1)- (3), have been previously explored in [80] for example. We will not explain the variations of these terms explicitly here. On the other hand, the matter action now depends on additional fields beyond the metric, specifically the Riemann tensor and the dCS scalar field. We thus provide the details of the variational principle for the effective Lagrangian in Eq. (45) .
We consider a manifestly covariant variation of the action with respect to (u µ , Ω µν , g µν , R µνρσ , ∇ µ ϑ) along the lines of [67] . To do this, we must define a few things. First, we introduce the operatorĜ ν µ , which is defined through the covariant and Lie derivative operators as
This operator acts on spacetime indices, but not bodyfixed indices. For example,
where φ is a scalar, and V µ and T ν µ are first and second rank tensors, respectively. Using this linear operator, we can define the covariant differential and variation along the worldline z α (τ ) by
where δ z corresponds to intrinsic variations of a tensor field along the worldline and the term proportional to δz α corresponds to shifts of the worldline with δ = δ z + δz α ∂ α . This is primarily relevant to the variation of the matter action, with the variations of the remaining parts of the total action following the usual prescription [89] . Thus, the variation of the matter Lagrangian
We consider the variations of each of these terms individually. First, consider the variations of the four velocity ∆u µ . Expanding out the variation, we have
where we have used the fact that u α ∇ α = D/Dτ and that the scalar variation δ commutes with ordinary derivatives with respect to τ . Similarly, the variation of the scalar field follows the same procedure, giving,
where 
Now, recall that the tetrad specifying the co-rotating frame e µ A is not independent of the metric, but is related to it by Eq. (21). Consider, e Aµ ∆e ν A , which we split into symmetric and anti-symmetric parts to obtain
where we have defined ∆Θ
A . This term is anti-symmetric and thus independent from variations of the metric, which is the symmetric part of the above expression. We, thus, now have a way of extracting variations of the worldline degrees of freedom associated with e µ A independent of the metric. Applying these results, we find
where we have made use of
This completes the derivation of ∆Ω µν .
Finally, consider the variation of the Riemann tensor, which becomes
The second of these two terms does not require any simplifications, while the first may be evaluated using
where we have used Eq. (64) to obtain the second equality.
We
We do not explicitly provide all of the steps here, as the calculation is lengthy but straightforward. Terms that depend on total derivatives of these variations, specifically Dδz µ /Dτ and D∆Θ µν /Dτ , must be integrated by parts, producing terms dependent on DP µ /Dτ and DS µν /Dτ , respectively, as well as boundary terms. These boundary terms may be set to zero by requiring that δz µ (−∞) = 0 = δz µ (+∞) and ∆Θ µν (−∞) = 0 = ∆Θ µν (+∞). Regrouping the remaining terms, we arrive at the total variation of the matter action, specifically
where
This completes the variational principle for our effective action.
Before continuing, it is worth discussing what each of these terms mean physically. Naturally, the variation of the total action must vanish, not just the variation of the matter action separately. As a result, the first of these terms, which is proportional to δ z g µν , becomes the matter stress energy tensor sourcing the gravitational field equations in Eq. (5). Explicitly, we have
which is identical to the results of [90] , but with extra terms to account for the dCS scalar field. The first three terms in the above stress energy tensor act as mass, spin, and quadrupole source terms respectively. The remaining two constitute interaction terms with the field variables (g µν , ∇ µ ϑ).
The second term in Eq. (67) depends on δ z (∇ µ ϑ), thus entering the scalar field evolution equation in Eq. (6) . This extra term acts as an effective dipolar source term for the scalar field, which may be written as a scalar density
and the scalar field evolution equation is now
As we will show, in a PN expansion, this effective source term is identical to the one found in [80] . The remaining two terms in Eq. (67), which are proportional to δz µ and ∆Θ µν , must vanish independently, and constitute the equations of motion for the effective particle,
In a binary system, the first of these determines how the acceleration of the particle is modified by the dCS perturbations, and ultimately determines the evolution equations for the orbital angular momentum. The second equation of motion is the spin-precession equation for the particle. This completes our discussion of an EFT for dCS gravity.
V. NEAR-ZONE FIELD SOLUTIONS
The equations of motion given in Eqs. (71)- (72) are dependent on the fields ϑ, g µν , and R αβγδ . Thus, now that we have our effective matter action in hand, we must consider the fields generated by matter sources before we can expand the equations of motion. Since we are interested in the dynamics of binary systems, we restrict our attention to two bodies, and work to solve the field equations in a PN expansion within the NZ, where effects due to retarded time are higher PN order and we can take time derivatives to spatial derivatives via ∂ t = −v k ∂ k . We work to second order in a small spin expansion. We desire to obtain the leading order terms in the spin-precession equations, which means we must work to leading PN order in all source terms. Finally, we take u µ u µ = −1, thus fixing τ to be proper time.
A. Scalar Field Evolution
We begin by considering the evolution of the dCS scalar field in the NZ, which is governed by Eq. (70) . The scalar field is sourced by two terms, one proportional to the Pontryagin density, and the other an effective source term. The contributions to the scalar field from the Pontryagin term in the NZ have been extensively studied in [80] , which are higher PN order and only contain interaction terms. We thus do not consider these contributions here, and focus on the effective source term, which is given in Eq. (69) . We present much of the machinery needed to evaluate NZ integrals in this section, as it is purely general and applies to any of the fields we solve for.
By virtue of our choice of SSC, and the fact that we are working in a small spin expansion, we have that S µν u µ = O(S 3 ) = S µ u µ , and thus we may write
From the normalization condition for the four-velocity, we have
where δU dCS is the dCS correction to the Newtonian potential U , and
Applying this to our SSC, we find S 0 = −S j v j + O(c −3 ). Thus, terms proportional S 0 are in general higher PN order than terms proportional to S j . Finally, from our linearization of the metric in Eq. (10), (−g) = 1 − h − h.
Applying all of this to
As a final step of simplification, we can perform the integration over τ by exploiting the properties of the Dirac delta function to obtain
The scalar field obeys the evolution equation ✷ η ϑ = −4πρ ϑ , which has the general solution
Since we are working in the NZ, retardation effects are higher PN order, and we can simply write
where we have applied Eq. (76) to obtain the second equality. The Dirac delta function only depends on the difference x − z(t), so we may replace the partial derivative acting on x ′ with a particle derivative∂ k that acts on z, i.e.,∂ k f (x µ − z µ ) = −∂ k f (x µ − z µ ) with f (x µ − z µ ) an arbitrary functions of x µ −z µ . This particle derivative can then be pulled out of the integral, at which point the integration becomes trivial and we obtain
Finally, evaluating the derivative, we obtain
where r = | x − z| and n = ( x − z)/r. At this stage, the solution in Eq. (80) is purely general and must be matched to isolated BHs in dCS gravity to fix C dCS ϑ . Recall from [80] , that the scalar field of an isolated BH is ϑ = ( µ · n)/r 2 , where µ = (5α 4 /2β) χ is the scalar dipole moment of the BH with χ = S/m 2 the reduced spin vector. Matching our result to this, we find
for BHs. The scalar field for the binary system is now just the sum of the individual contributions, specifically
where n 1,2 = ( x − z 1,2 ) /r 1,2 . This completes the computation of the scalar field of the binary system in the NZ. Before we continue, we would like to comment on the case of NSs in dCS gravity. The scalar dipole moment of NSs is dependent on the equation of state (EOS) of supra-nuclear matter, and thus, one would have to match the external scalar field to that of the interior to determine C dCS ϑ,NS . A calculation along these lines was performed in [46] , where fitting functions for the scalar dipole moment were computed for various EOSs. One could straightforwardly match said results to those here in order to determine C dCS ϑ,NS . However, we are here only concerned with binary BHs, since these are expected to have non-negligible spins and thus present precession, so we do not consider this here.
B. NZ Metric Perturbation
We now consider the NZ solution for the metric perturbations. The GR metric perturbation h µν is governed by Eqs. (15)- (16), while the dCS metric perturbation satisfies Eq. (17) . The GR metric perturbation is solely sourced by the GR sector of the matter stress energy tensor, and a detailed derivation of its explicit form can be found in [24] for example. On the other hand, the dCS metric perturbation h µν is sourced by the K-tensor in Eq. (19) , the scalar field stress energy tensor T ϑ µν , and the non-GR sector of the matter stress energy tensor δT mat µν . We can write the contributions from each of these terms as
A simple PN counting of these terms reveals that the leading order contributions come from the matter stress energy tensor, so we focus our attention on it. The full matter stress energy tensor is given in Eq. (68). To begin, we must separate out the contributions to the matter stress energy tensor from GR and dCS gravity. Since we are working in a linear approximation for the metric, we may write R µνρσ = R (0)
, where δR µνρσ [h] is the dCS perturbation. Second, the matter stress energy tensor contains the four-dimensional Dirac delta δ (4) 
Since we are working with binary systems, the fields can be written as the sum of contributions from individual bodies, to the PN order we are working. As a result, contributions arising from the self interaction of fields with worldlines vanish via regularization. For example, the metric perturbation from the dipole-dipole interaction, which is the last line in Eq. (68), becomes
where δ
If we replace the derivatives in the last integral with particle derivatives, we arrive at an integral of the form
which vanishes by regularization for all N . Thus, any contributions to Eq. (68) which contain fields mixed with particle momenta only contribute to the metric perturbation through interaction terms, which are higher PN order than what we are considering. We thus focus on the source terms, which are the first three terms in Eq. (68) . Finally, we replace the canonical momentum P µ with the four velocity u µ . A straightforward calculation using the results of Appendix B shows that P µ = m u µ to the order we need here. Thus, we write the matter stress energy tensor as
with J αβγδ = (0) J αβγδ + δJ αβγδ , splitting the mass quadrupole into GR and dCS contributions. We may now solve the field equations given by Eqs. (15)- (16) and (85) . The solutions for the GR potential have been extensively studied, for example in [24] . We thus do not detail the derivation here, but the end result, to linear order in spin, is
We now focus our attention on the dCS metric perturbation. Our ansatz for the spin-induced mass quadrupole moment is given in Eq. (46) . Applying the simplification procedure we used on the matter stress energy tensor, and inserting this into Eq. (89), we have
By virtue of our choice of SSC and the small spin expansion, the components of the spin tensor are to leading PN order
where ε ijk is the Levi-Civita symbol. As a result, the leading PN order contribution to the stress energy tensor perturbation is
where S · S = δ mn S m S n . The procedure for solving for h µν follows exactly the same steps as the previous section, and we eventually find the end result
where we have written h 00 = 2δU , and n <jk> = n j n k − (1/3)δ jk is the symmetric and trace-free projection of n j n k . Finally, we match this solution to the case of an isolated BH spacetime, described in harmonic coordinates in Appendix C, and we find
where ζ = ξ/m 4 , with ξ = α 
This completes the derivation of the NZ metric. As a final point, note that there is also a gravitomagnetic component to the metric perturbation, specifically h 0j = −4δU j , due to the mass quadrupole moment which we do not consider here. This contribution is not present in the isolated BH metric, since that metric is computed in a co-moving frame. Further, this term is suppressed by one factor of the velocity of the body, and thus it enters at higher PN order in the equations of motion as we will show in the next section. This is different from GR, where the spin contributions to both the Newtonian potential and gravitomagnetic potential enter at the same PN order in the precession equations, due to the scaling of the potentials with velocity. This is not the only contribution to the gravitomagnetic sector for BHs. In the isolated case, the metric component g tφ is linear in the BH's spin. However, this term is higher PN order than those that enter the g 00 or g ij components of the metric. This can be seen in Appendix C when we transform the isolated BH metric from Boyer-Lindquist coordinates to harmonic coordinates. The gravitomagnetic sector is actually 2PN order higher than the leading order contribution from the potential U given in Appendix C. Since we are only working to leading PN order, we thus do not consider this here.
VI. EXPANSION OF THE EQUATIONS OF MOTION
Now that we have the solutions to the potentials in the NZ of the binary, we can focus on the PN expansion of the equations of motion given in Eq. (71)-(72).
A. Evolution of the Spin Angular Momentum
While we could focus on the precession equation given in Eq. (72), the spin tensor contains non-dynamical degrees of freedom. We thus begin by deriving the precession equations for the spin vector S µ , which from our covariant SSC above Eq. (28) is given by
To derive the precession equation for S µ , we simply have to apply D/Dτ = u α ∇ α to this expression. Doing so generates three terms, which are proportional to DM/Dτ , DP µ /Dτ , and DS ρσ /Dτ , respectively. Using Eq. (44) and the fact that 
. The GR term enters the GR part of the precession equation at higher PN order, so we neglect it here. We are thus left with the contribution from DS ρσ /Dτ , which leads to
where we have performed an expansion in small dCS coupling. One can show from Eq. (99) that the magnitude of the spin four vector S 2 = S µ S µ is conserved, as we show in Appendix B.
As we have noted during our earlier discussion of SSCs, there are only three dynamical degrees of freedom in the spin four-vector S µ . The choice of SSC and frame causes these three dynamical degrees of freedom to be spread over all four components of S µ . It is thus useful to define a frame where the dynamical degrees of freedom are only the spatial components of the spin vector, i.e. S µ = (0,S j ). To do this, we follow [91] and begin by considering the conserved norm of the spin four-vector, specifically
where we have used our choice of SSC to write
We now define the square root matrix of G ij = H ik H k j , which acts as a projection operator on the spin vector such thatS j = H j k S k . By doing this, we have projected the spin four-vector into a frame where the conserved spin norm is only related to the spatial components of the spin vector, i.e. S 2 = δ ijS iSj . By working in a PN expansion, it is easy to show that
The goal is now to derive the precession equation for S j . Returning to Eq. (99), we begin by focusing on the left-hand side of this equation. Expanding out the covariant time derivative, we find
Solving for dS j /dt using Eq. (99), we obtain
where we have PN expanded the right-hand side of Eq. (99) using the fact that ∇ α = ∂ α and (0) R 0j0k = −∂ jk U at leading PN order. We can now use this expression in the time derivative of the definition ofS j
to finally arrive at
where we have defined
and we have used that S j = (H −1 ) j kS k , with (H −1 ) ij the inverse of H ij . We recognize this as the PN expanded precession equations in dCS gravity.
Before we continue, it is useful to evaluateV jk in terms of the metric potentials (U, U j , δU ). By applying Eqs. (102) and (104), we obtain to leading PN order
Note that the dCS perturbations to the Newtonian potential δU are second order in spin, and thusV dCS jk creates terms that are third order in spin in the precession equations. Therefore, to the order in spin we are working, we neglect these contributions.
What is left now is to apply this to a BH binary system by inserting the potentials in Eqs. (90)- (91), and (82) into the above precession equation. Since we are dealing with a binary system, the potentials contain contributions from both bodies. Thus, we must regularize the contributions at the locations of each particle, or BH. For the first BH (labeled 1), the potentials then only contain contributions from the other body (labeled 2). Further, we drop the bars that appear on all of the spin vector for convenience. Applying the spatial derivatives, we find˙ S 1 =˙ S 1,GR +˙ S 1,dd +˙ S 1,MQ , wherė
, n 12 = r 12 /r 12 , and v 12 = d r 12 /dt. The first term is the leading PN order spin-orbit, spinspin, and quadrupole-monopole interactions in GR, respectively. The second term is the scalar dipole-dipole interaction, which takes the same form as the spin-spin contribution in GR, but with a different prefactor that is proportional to ζ 12 . The final term is the dCS monopolequadrupole interaction, which takes the same form as the quadrupole-monopole interaction in GR, but with a different prefactor proportional to ζ 1 . Notice that these last two terms, which are unique to dCS gravity, are the same PN order as the leading spin-spin contribution to GR, and are thus leading PN order. To obtain the precession equations for the spin of the other BH, one simply needs to make the replacement 1 ↔ 2 in the above equations. This completes the derivation of the spinprecession equations in dCS gravity.
B. Evolution of the Orbital Angular Momentum
We now turn our attention to the evolution equation for the orbital angular momentum. To obtain this, we must first find the relative acceleration between the two BHs, and extract the spin-dependent terms of the forces acting on the binary. Thus, we return to the evolution equation for the canonical momentum given in Eq. (71) . Performing a PN expansion of this equation, and many of the consideration that go into this process, have already been detailed in the previous section.
The only complications arise from converting the covariant time derivative to an ordinary one, as was done in Eq. (103). In order to obtain the full expression for the angular momentum evolution in GR, one needs to work to 1PN order, which amounts to including the gravitomagnetic potential and nonlinear interactions of potential and velocities in the relative acceleration. This calculation is complicated, but can straightforwardly be done following the steps of the previous section, and is detailed in [24] , for example. The end result of such a computation is
The GR force F j Γ,GR needs to be split between contributions that do not contain the spins of the bodies, and those that do. From the former, the first term in Eq. (115) is the Newtonian gravitational force, while the remaining terms are all 1PN order, and a conserved (neglecting precession) orbital angular momentum can be derived from these. The latter induce precession of this angular momentum. The spin contributions from all of the terms in Eq. (115) coming from both the U and U k potentials are all the same PN order.
Interestingly, this same peculiarity in the PN counting of spin terms in GR does not occur for dCS gravity, at least at the PN order we are working. The gravitomagnetic potential δU j associated with the dCS quadrupole moment is suppressed relative to δU by a factor of O(v 2 ). Thus, when it enters the acceleration given above, it is truly a 1PN higher order correction to the leading order contribution given in Eq. (116) and we neglect it here.
The above forces must be suitably regularized at the location of each BH, just as we did in the spin-precession
where ∆F = F 2 − F 1 . When considering the GR force ∆F j Γ,GR , and using the method of undetermined coefficients [24] for example, the conserved angular momentum at 1PN order is given by
(120) where M = m 1 + m 2 and recall that this is only conserved in the absence of precession. To obtain the angular momentum evolution, one simply has to take the time derivative of the above expression, and replace any instance of the relative acceleration with Eq. (119). The non-spinning contributions cancel, since the above angular momentum is conserved at that level. For simplicity, we only detail the calculation for the non-GR terms from this point forward. The derivation of the GR contributions are rather lengthy, but can be found in [24, 92] .
For the non-GR terms, it suffices to consider only the Newtonian part of Eq. (120), such that δ˙ L = µ r 12 × δ a, where δ a is the non-GR part of Eq. (119). Evaluating the
δ˙ L MQ = 603 112
where we have combined the contributions from ∆F 
VII. PROPERTIES OF THE PN PRECESSION EQUATIONS
In this section, we discuss the existence of conserved quantities in the spin dynamics necessary for the construction of analytic Fourier domain waveforms for spinprecessing BH binaries in dCS gravity, and then present some general properties of precession of the waveforms.
A. Conserved Quantities for Spin-Precessing Binaries in dCS Gravity
The problem of constructing analytic waveforms for generic spin-precessing BH binaries in GR is one that has only recently been solved. The breakthrough that allowed this was the development of an analytic, closed form solution to the leading PN order spin-precession equations in GR [78, 79] . This was extended to include the effect of radiation reaction on the binary using multiple scale analysis (MSA) [77] . Finally, Fourier domain waveforms were computed in the stationary phase approximation through the application of shifted uniform asymptotics (SUA) in [76, 77] . The latter of these two are generic mathematical techniques and will apply in any theory of gravity. However, the development of an analytic solution to the spin-precession equations in GR requires the existence of certain conserved integrals of motion. We here consider the conservation of these quantities in dCS gravity.
The GR precession equations admit seven conserved quantities, namely the magnitudes of the spins and orbital angular momentum (S 1 , S 2 , L), total angular momentum vector J = L + S 1 + S 2 , and the mass-weighted effective spin Ξ, given in GR by
where q = m 2 /m 1 andL is the unit orbital angular momentum vector. First, consider the total angular momentum vector. The existence of a conserved total angular momentum is obvious from symmetry. In fact, a straightforward calculation from Eqs. (111)- (113) and (121)- (122), reveals that J is conserved, i.e. d J/dt = 0. Conservation of the magnitude of the spin angular momenta S 1 and S 2 can be proven formally from either Eq. (72) or Eq (99), and this is shown explicitly in Appendix B. Proving the conservation of the two remaining quantities is rather tricky with the precession equations we have at hand. Fortunately, the problem can be simplified somewhat by working with the orbit-averaged precession equations. Orbit averaging is only justified if there is a separation of scales in the problem, or more specifically, if the angular momenta change on a timescale that is significantly longer than the orbital period of the binary. This timescale, called the precession timescale, may be approximated by T prec = S 1 /|d S 1 /dt|. A simple analysis of the precession equations reveals that T prec ∼ M v −5 , while the orbital timescale is just the orbital period, T orb ∼ M v −3 , where v 2 ∼ M/r 12 is the orbital velocity of the binary to leading PN order. Comparing these timescales, we have T orb /T prec ∼ v 2 . Thus, if the orbital velocity of the binary is small, then T orb /T prec ≪ 1 and the angular momenta evolve on a timescale much longer than the orbital timescale. This implies that if we work in the PN approximation, we are well justified in orbit averaging the precession equations.
To orbit average the precession equations, we must first provide a few details on the parametrization of the orbit. We consider an orbit with an arbitrary orientation in space. Specifically, the orientation of the binary is governed by three angles: the inclination angle ι (that subtended by the z-axis of our coordinate system and the orbital angular momentum), the longitude of the ascending node Ω (that subtended by the x-axis and the ascending node of the orbit), and the longitude of pericenter ω (that subtended by the Runge-Lenz vector and the ascending node). In this parametrization, the radial separation unit vector n 12 and the orbital angular momentum unit vectorL are given by [24] ,
where φ and r 12 are the orbital phase and the orbital separation or orbital radius of the binary. These quantities can be parameterized in terms of orbital elements via
where e is the orbital eccentricity and p is the semi-latus rectum of the orbit, and recall that m is the total mass. We define orbit averaging in the usual way, through
for any quantity A. The orbit average of the GR precession equations has already been studied in detail in the literature, so we will focus on the dCS modifications. In order to obtain the average of these, we must compute the average of n 
where δ ij is the Kronecker delta. Thus, the orbitaveraged precession equations in dCS gravity become,
where we have used that L = ηM 3/2 p 1/2 is the magnitude of the orbital angular momentum at leading PN order.
A quick study of these equations reveals that ( S 1 , S 2 ,L) only change according to the cross products ( S 1 ×L, S 2 ×L, S 1 × S 2 ), implying that any changes to the spin and angular momentum vectors are orthogonal to their directions. As a result, the magnitude of these vectors are conserved under the influence of precession. Note that this is, however, not strictly true, since the binary will inspiral due to the emission of GWs. At leading PN order, the binary loses orbital angular momentum due to radiation reaction, and as a result, the magnitudes L = | L| and J = | J| are no longer conserved. Further, GWs can also be lost through the horizon of the BHs, causing changes to | S 1 | and | S 2 | through tidal heating and tidal torquing [93, 94] , although this effect is much higher PN order. Regardless, we are here only concerned with the conservative dynamics of the binary under the influence of precession, and we shall not consider the full effects of radiation reaction in dCS gravity.
We have thus far proven that six quantities that are conserved in GR, (S 1 , S 2 , L, J), are still conserved in dCS gravity, but what about the mass-weighted effective spin Ξ? A straightforward computation, by taking a time derivative of Eq. (123) and applying the dCS precession equations in Eqs. (130)- (132), reveals that the GR massweighted effective spin Ξ GR is no longer conserved, and that its non-conservation is linear in the dCS coupling constants (ζ 1 , ζ 2 , ζ 12 ). The question is then whether a new mass-weighted effective spin can be constructed in dCS gravity that is conserved under the dCS precession equations. To do this, let us use the ansatz
with undetermined functions (A, B, C) and require dΞ dCS /dt = 0. Linearizing in (ζ 1 , ζ 2 , ζ 12 ), we obtain differential equations for the functions (A, B, C), which may be solved to obtain
Thus, we have shown that there exists a conserved mass-weighted effective spin in dCS gravity to linear order in the coupling. This completes the discussion of the constants of motion of the precession problem in dCS gravity.
B. The Effect of Precession on Gravitational Waves in dCS Gravity
As a final point, we illustrate the differences induced by precession in dCS gravity compared to GR. To illustrate this, we numerically solve the precession equations using Mathematica, for a circular binary system with (m 1 , m 2 ) = (10, 10)M ⊙ and (χ 1 , χ 2 ) = (0.9, 0.95).
We choose the spins to be oriented such thatŜ 1 = (0.9, 0, 0.44) andŜ 2 = (0.1, 0.25, 0.96), and chooseĴ = (0, 0, 1), which fixes the direction of the orbital angular momentum. We evolve the binary under leading PN order radiation reaction in GR, which forces the semi-latus rectum of the orbit to evolve via dp dt
for circular orbits. We start the evolution such that the GW frequency, which is specifically f GW = 2/T orb , is 10 Hz, and evolve the binary up to the last stable orbit at p = r 12 = 6M . We use a polarization basis such that the plus and cross polarizations are given by [26] 
where N = [sinΘ cosΦ, sinΘ cosΦ, cosΘ] is the direction to the source on the sky, and φ is the orbital phase of the binary, which is governed by dφ/dt = (M/p) 3/2 . We consider two cases, one in which the waveforms are computed purely in GR (i.e. ξ = 0), and one in dCS gravity with ξ 1/4 = 10 km, which corresponds to ζ 1 = ζ 2 = ζ 12 ∼ 0.2. Further, we take Θ = π/4 and Φ = 0.
The results of this numerical calculation are displayed in Fig. 1 for the plus polarization given by Eq. (138). In the top panel, we display the waveform with only the precessional effects in GR, while in the middle panel we display the waveform with the dCS precession modifications. The two waveforms display the amplitude modulations present in precessing systems. However, since there are additional precession effects in dCS gravity, the modulation is not identical to GR, and the difference between the two waveforms is displayed in the bottom panel of Fig. 1 .
Clearly, these waveforms are not realistic representations of the GWs from this binary in dCS gravity, since we are assuming that the radiation reaction force and gravitational waveform are still governed by the leading PN order GR effects given in Eq. (137)-(139). In dCS gravity, inspiraling binary BHs also emit scalar dipole radiation, and the waveform picks up a 2PN correction proportional to the scalar dipole moments of the BHs. We are here only interested in how the specific precession effects are different from GR, and we leave the inclusion of these radiation reaction effects to future work.
VIII. DISCUSSION
We have derived the leading PN order spin-precession equations for binary BHs in dCS gravity. We have constructed an EFT description for BHs in dCS gravity, which is only characterized by two undetermined coefficients, specifically C controls the interaction of the scalar dipole moment of the BH with an external pseudo-scalar field ϑ. The second is the correction to the BH's quadrupole moment C Q due to the modified spin induced quadrupole in dCS gravity. We were able to fix the values of both of these constants by solving the field equations in a NZ expansion, and matching the solutions to the isolated BH spacetimes found in [39] for example. While this is not the first application of EFT methods to modified theories of gravity [74] , it is the first application to spin-precessing binaries in these theories. In fact, our analysis is the first to consider how BH binaries precess in any modified theory of gravity.
With the NZ field solutions in hand, we proceeded to expand the precession equations in the weak field, slow motion approximation. We found that the precession equations pick up two modification from GR, a scalar dipole-dipole interaction which takes the same form as the leading PN order spin-spin interaction, and a modified quadrupole-monopole interaction. We have shown numerically that these extra modifications affect the amplitude modulation of GWs emitted by inspiraling and precessing binary BHs. Further, we have analytically verified the existence of seven constants of motion in the precession problem when neglecting radiation reaction. The existence of these seven constants should allow for the construction of an analytic, closed form solution to the precession equations in dCS gravity. Once such a solution is constructed, one may then include radiation reaction by promoting the appropriate constants of motion, such as the orbital angular momentum L, to be functions of time that vary slowly over the orbital and precession timescales. This method works provided there is a separation of scales between orbital, precession, and radiation-reaction timescales, which is well defined in the PN approximation. This will lead the way to the development of analytic Fourier domain waveforms for spinprecessing binary BHs in dCS gravity along the lines of those that have been constructed in GR.
With these waveforms in hand, one may consider how well dCS gravity may be constrained with groundbased and space-based GW detectors, similar to what has been done using the currently detected GW signals [11, 95] . One could also postulate the existence of new ppE [10] parameters associated specifically with modification to the precessional dynamics of binary systems. We have here shown that two modifications appear in dCS gravity, and we may expect that these can be described by two ppE parameters in a Fourier domain waveform. These two parameters only modify the spin-spin and quadrupole-monopole interaction, as can be seen in Eqs. (130)-(132). In dCS gravity, the spin-orbit interaction is not modified, but this may not be true in other modifies theories. One theory that may produce such a modification is Einstein-dilaton-Gauss-Bonnet (EDGB) gravity, the even-parity "sister" theory to dCS gravity. In EDGB gravity, BHs possess a scalar monopole charge. Just like an electron-positron pair produces a magnetic monopole moment in electromagnetism, BHs in EDGB likely generate a magnetic type scalar dipole moment associated with the orbital motion of the binary, and may modify the spin-orbit interaction. In this way, we may obtain a set of ppE parameters that describe the modifications to the leading PN order spin-orbit, spin-spin, and quadrupole-monopole interactions. The work we have completed here has moved us one step closer to understanding how to probe fundamental physics with the GW emission from spin-precessing binary systems. Typically, one cannot assign absolute parity to spacetime tensors, since these quantities contain both spatial and temporal components. To determine the parity of such objects, we may foliate spacetime with a set of suitable chosen space-like hypersurfaces, and perform parity transformations on these hypersurfaces [30] . Clearly then, this concept of parity is foliation-dependent. However, in this paper, we wish to assign parity to spacetime tensors, namely to the tetrad e µ A and the Levi-Civita tensor ǫ µνρσ , which transform under parity through Eqs. (42) . This appendix provides a review of the usual way of doing parity transformations, and shows that one obtains the same result as when using our definitions.
To begin, it is useful to consider parity transformations in classical Newtonian mechanics. Vectors in Newtonian mechanics are three-dimensional spatial quantities, defined generically as
where e i are the coordinate basis vectors and A i are scalar quantities called vector components. Parity transformations are complete spatial inversions which force basis vectors to point in the opposite direction relative to their initial direction, specificallyP [ e i ] = − e i . These quantities are said to be odd under a parity transformation. Scalar quantities, such as the individual components of a vector, are even under parity, specificallŷ P [A i ] = +A i , which then implies that vectors are odd under a parity transformation. Such a view of transformations is sometimes referred to as active.
Let us now consider an object constructed from the three dimensional cross product of two vectors. The orbital angular momentum of a particle, for example, is given by
where x and p are the position and momentum vectors of the particle, respectively. The cross product of the two basis vectors e i × e j is even under a parity transformation, and thus, so is the orbital angular momentum. We thus recognize L as a pseudovector. The cross product can, in general, be used to define the three dimensional LeviCivita symbols, a collection of scalars that must be even under parity if L is to also be even under parity. By following the above procedures, we may assign definitive parity to any object in Newtonian mechanics. Now, let us consider parity transformations on a spacetime manifold. To do this, we must specify the hypersurfaces on which we will perform the parity transformations. Spacetime coordinates will be specified by x µ , while coordinates on the tangent space are y A . For the problem considered here, it is convenient to choose the normal to y 0 = const. hypersurfaces to be the particle's four velocity u µ and to perform the projections onto this hypersurface using the tetrad
where we have placed a bar on this tetrad to distinguish it from the co-rotating tetrad used in the main text of this paper. Our choice for the normal vector forces e µ 0 = u µ . The parity transformation is performed on the hypersurface, specifically y I → −y I , where I indicates the purely spatial components of y A . This implies that P [ē µ I ] → −ē µ I , which are now analogous to the basis vectors used in Newtonian mechanics.
In the main text of this paper, we considered parity transformations when considering possible terms that could be added to the effective matter Lagrangian to describe the scalar dipole moment of BHs in dCS gravity. We thus focus on proving that the scalar dipole term, the third term in Eq. (45), is even under parity. Just as in the main text, we do not distinguish between the direction of P µ and that of u µ , thus neglecting higher-order-in-spin terms. Our choice of SSC implies that S µ u µ = 0 to the order we are working. Thus, S I = S µē µ I is the spatial spin vector. This spin vector is the usual one that appears in Newtonian mechanics, which is there defined as the cross product between the dipole moment of a fluid element and its 3-velocity. Therefore, the spin, like the angular momentum, is actually a pseudo-vector, specificallyP [S I ] → +S I . If we now apply the hypersurface projections on the scalar dipole term in Eq. (45), we have
The dCS scalar field is odd under parity and its spatial derivative on this hypersurface is evenP [∇ I ϑ] → +∇ I ϑ. Thus, the total scalar dipole term in Eq. (45) is even under parity and the action is invariant under a parity transformation. Now, consider the parity transformations given by Eq. (42) . The parity of the co-rotating tetrad implies that the rotation tensor Ω µν has even parity by Eq. (22) . Since the spin tensor is defined as the momentum associated with Ω µν , it must also be even under parity. Further, since we have only assigned odd parity to e 
thus recovering the behavior from the hypersurface parity transformation.
Appendix B: Properties of the Particle Equations of Motion in the EFT Formalism
In the main text of this paper, we considered the properties of the PN expanded precession equations given in Eqs. (130)-(132). We here provide a description of the properties of the canonical equations of motion derived from EFT and given in Eqs. (71)- (72), specifically focusing on the relationship between the particle's canonical momentum and the four velocity, as well as constants of motion along the particle's worldline.
We begin by deriving the relationship between the canonical momentum P µ and the four velocity u α for our EFT given by the Lagrangian in Eq. (45) . Rather than restricting attention to the choice of SSC given in the main text S µν P ν = 0, we consider the more general SSC
where f µ is a time-like vector. Taking the derivative of the SSC, we have
Consider the left-hand side of this equation. Applying the precession equation in Eq. (72), we have
Inserting this back into Eq. (B2) and solving for P µ , we find
which is the generalized expression for P µ (u α ). Let us now define the mass and spin of the particle via
and restrict attention to the case f µ = P µ . We then find that
